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^ ■ ABSTRACT 

We determine the isomorphism classes of the first family of infinite dimensional simple Lie 
<^ algebras recently introduced by Xu. The structure space of these algebras is given explicitly. 

The derivations of these algebras are also determined. 
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1. INTRODUCTION 

Block (1) introduced a class of infinite dimensional simple Lie algebras over a field 
of characteristic zero. Recently there have appeared many papers (see, for example, 
Refs. (2)-(4), (6), (10)-(14)) on infinite dimensional simple Lie algebras which can be 
viewed as generalizations of Block algebras. These Lie algebras are constructed from 
pairs (.4, T>) consisting of a commutative associative algebra A with an identity element 
and a finite dimensional Abelian derivation subalgebra D such that A is D-simple. 
Such pairs (A,V) with V being locally finite were classified in Ref. (8). Based on this 
classification it was very natural for Xu (12) to give generalizations of Block algebras. 

In this paper, we shall determine the derivation algebras and the isomorphism classes 
of the first family of infinite dimensional simple Lie algebras introduced by Xu (12). 
Below we shall introduce the normalized form of these algebras. Let IF be a field of 
characteristic 0. Denote by the ring of integers and by IV the non- negative integers 
{0,1,2,...}. 

Pick J p G {{0},IV} for p — 1,2, and set J = J\ x J 2 . Denote by n p the projection 
from IF 2 to the pth coordinate, that is, 7c p (a) = a p for a = (atj., a.2) 6 F 2 ,p = 1, 2. Take 
an additive subgroup T of W 2 such that 

vr p (r)^{0} if J p = {0} for p=l,2. (1.1) 

For a G IF, we denote 

0[i] = (a,0), a [2] = (0,a) G F 2 . (1.2) 

Let A2 = A2 (r, J) be the semigroup algebra with a basis {a;"' 1 1 (cv, i) G T x J} and the 
algebraic operation ■ defined by: 



x 



a,i . X /3J = for ( a> ^ (p J) G T X J. (1.3) 
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Then A2 forms a commutative associative algebra with an identity element 1 = x°'°. We 
define the derivations d p of Ai by 

d p (x a *) = a p x a;i + ipx^' 1 - 1 ^ for (a, i) G T x J, p — 1, 2, (1.4) 

where we adopt the convention that if a notion is not defined but technically appears in 
an expression, we always treat it as zero; for instance, x " 1 ' 1 ' = for any a G T. 
We define the following algebraic operation [•, •] on Ai = .4.2 (r, J): 

[u, v] = di(u)d 2 (v) — di(v)d 2 (u) + udi(v) — vdi(u) for u,v G A 2 . (1.5) 

Denote 

<7i = (0,1), <T 2 = (0,2). (1.6) 

We treat a; " 1 ' = if Oi ^ T for i = 1, 2. Then rr " 1 ' is a central element of A 2 - Form a 
quotient Lie algebra 

B 2 — B 2 (T, J) — A 2 /Fx ai '°, (1.7) 
whose induced Lie bracket is still denoted by [•,•]. 

Theorem 1.1. The Lie algebra (£> 2 , [•, ■]) is simple if J ^ {0} or a 2 £ T. If J = {0} 

and o 2 G T, then B { 2 ] = [B 2 , B 2 \ is simple and B 2 = B { 2 ] © (Fx ai > + Fx' 72 ' ). □ 

The above theorem was due to Block (1) when J = {0} and a 2 ^ T, due to Dokovic 
and Zhao (2) when J = {0} and a 2 G T, and due to Xu (12) when J 7^ {0}. 

We shall simply denote the simple Lie algebra mentioned in Theorem 1.1 by B = 
B(T, J). The Lie algebras B are the normalized forms of the first family of the simple 
Lie algebras introduced by Xu (12). We shall use notation x 01 ' 1 again to denote elements 
in B. In particular, we have x ai '° = 0. We set T # = T if J ^ {0} and T# = T\{a u a 2 } 
otherwise, then B has a basis 

B = {x a ' { I (a, i) G T # x J, (a, i) ^ (a 1} 0)}. (1.8) 

Denote by GL 2 the group of invertible 2x2 matrices with entries in IF. Define an 
action of GL 2 on IF 2 by g(a) = ag" 1 for a G F 2 ,g G GL 2 . For any additive subgroup 
T of IF 2 and g G GL 2 , the set 

g(T) = {g(a) | a G T}, (1.9) 

also forms an additive subgroup of IF 2 . Denote by Qi and f2 2 and f2 3 the sets of subgroups 
r of F 2 satisfying vr^r) ^ {0} ^ 7r 2 (r) and 7r 2 (r) ^ {0} and 7Ti(r) ^ {0} respectively, 
by Q 4 the sets of subgroups T of F 2 . Denote by G\ and G 2 the groups of invertible 

2x2 matrices of the forms ^ q ^ an d q ^ ^) respectively. We define the moduli space 

Mi = Q1/G1, which is the set of Gi-orbits in fii under the action (1.9), and define 
M. 2 = Vt 2 /G 2) M3 = Q3/G1, Ma = Q4/G1. The main theorem of this paper is the 
following. 
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Theorem 1.2. The Lie algebras B = B(T, J) and B' = B{Y' , J') are isomorphic if and 
only if J = J' and there exist a, b G IF, a ^ such that b = if J\ ^ {0} = J 2 and 
the map : ((3i, f3 2 ) l— > (a- Pi, (fa + b(3i) is a group isomorphism T = V (in particular, if 
7Ti(r) = {0} ; then B = B' ^ (T, J) = (T',J')). Thus there is a bijection between the 
isomorphism classes of the simple Lie algebras in Theorem 1.1 and the following set: 

M = {(i,u>) \i = 1,2,3,4, uo G Mi}. (1.10) 

In other word, M. is the structure space of these simple Lie algebras. 
Remark 1.3. We can drop the condition ?r 2 (r) + J 2 7^ {0} ; since if ix 2 (T) = J 2 = {0} ; 
then the Lie algebra B(T, J) is a known rank-one simple Lie algebra of generalized Witt 
type in Refs. (5), (8), (9). In this case, the structure space is the set which is the union 
of two copies of and two copies of M.\. □ 

2. STRUCTURE OF THE DERIVATION ALGEBRAS 

In this section, we shall determine the structure of the derivation algebra of the 
Lie algebra B = B(T,J). Recall that a derivation d of the Lie algebra B is a linear 
transformation on B such that 

d([u 1 ,u 2 \) = [d(u 1 ),u 2 ] + [ui,d(u 2 )} for ui,u 2 E B. (2.1) 

Denote by Der£> the space of the derivations of B, which is a Lie algebra. Moreover, adg 
is an ideal. Elements in adg are called inner derivations, while elements in Der £>\adg 
are called outer derivations. Note that B = Q) a erB a is a T-graded Lie algebra with 

B a = span^"' 1 1 i G J} for a E T. (2.2) 

Define a total order on J such that i > j if |i| > |j| or |i| = |j| but %\ > ji, where 
|i| = %\ + i 2 is called the level of i. Denote 

B [ * ] = span{a; a ' j | j < i}, B® = span{a; a 'j | j < i}, (2.3) 
for (a, i) G T x J. For a G T, we set 

(Der B) a = {d G Der B | d(B p ) C B a+(i for (3 G T}. (2.4) 
Fix an element a G T. Consider a nonzero element 

de(DerB) a such that d(B [i] ) C B m] for any j G J, (2.5) 
where i G /Z 2 is a fixed element. Define the order in Z 2 similarly as in J . We assume 

i in (2.5) is the minimal element satisfying the condition. (2-6) 
For any ((3, j) G V* x J with ((3, j) ^ (a u 0), we define e^j G IF by 

d(x^) = e/3J x a+/3 ' i+j (modfi (i+j) ), (2.7) 



where if (a + (3, i + j) = (<7i, 0), we shall assume that e^j = 0. We rewrite (1.5) as 

[x a '\x^' s ] = (a^fa-l) - Pi(a 2 -l))x a+l3 ' i+i 

+(ii(/32-l) - j'x^-l))^^- 1 !!] (2.8) 
+(«iJ 2 - A^K^* 1 ^" 1 ' 21 + (iu' 2 -iii 2 )^ a+/3 ' i+j " 1[11_1[21 , 

for x ' 1 , G £>. Then we have 

[x^,x^ k ] = (^(72 - 1) - 7l (#2 - l))a^ +k (mod£ (j+k) ), (2.9) 

for (/3,j),(7,k) G T # x J with (/?, j), (7, k), (/3 + 7, i + k) ^ (<n,0) (we shall always 
assume that this condition is satisfied in the following discussion). Applying d to (2.9), 
we get 

((ai + /3i)( 72 - 1) - 7 i(«2 + /3 2 - l))e /3 j 

+(/3i(a 2 + 72 - 1) - («i + 71) (#2 - l))e 7 , k (2.10) 
= (A (72 - 1) - 71 (#2 - l))e^+ 7 ,j + k- 

Lemma 2.1. 7^ ; £/ien £/ie derivation d in (2.5) is an inner derivation of B. 

Proof. Taking 7 = 0, k = in (2.10), we obtain — («i + /3i)e /3 j + (Pi(a 2 — 1) — «i(/3 2 — 
l))e ,o = -Aew, i-e., 

e/?j = arWcfc - 1) - ai(/?2 - l))e 0)0 . (2.11) 

This shows that e^j does not depend on j for any (3. Letting j = in (2.7), we obtain 
that i G J by the assumption (2.6). Set u = a7 1 e ,o^ a ' 1 G £> and let d! = d — ad u . By 
(2.8) and (2.11), we obtain that d'(x^) G B (i+i) for all j) G T # x J. By induction on 
i in (2.6), d' is an inner derivation. Hence d is an inner derivation. □ 

Note that B(T, J) is a subalgebra of B{T,1N 2 ). If <n G F and J p = {0} for some 
p — 1,2, then x CTl ' 1 w ^ £> but [x <Tl,1 w,B] C -B. Thus we can define outer derivations 
di, di as follows: 

di^ad^.ipjs : x0J 1 ^-/3 1 x*i+0J-^+0J- 1 [i] if ^ GT, J 2 = {0}, 

d^ad^.i^lB : x w ^(/3 2 - l)/ 1+w +j 2 x ffl+,3 j- 1 P] if ctiGT, Ji = {0}. 
We have another outer derivation d 2 defined by 



(2.12) 



d 2 = ad^ 2 ,o| B : x 13 ' h-> -/3iX CT2+/3 ' if <t 2 G T, J = {0}. (2.12)' 
We set d 1: d 1: d 2 to be zero whenever they are not defined. 

Lemma 2.2. If cci = and a 2 7^ 0, then the derivation d in (2.5) has the form 
d = ad u + c\d + d x d\ + c 2 d 2 /or u G ci, c^, c 2 G IF. 
Proof. Now (2.10) take the following form 

(A(72-l) -7i(«2 + /3 2 -l))e /3J + (A(a 2 + 72-l) -7i(/3 2 -l))e 7jk ^ 
= (A (72 - 1) - 71 (#2 - l))e^+ 7 j+k- 
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We consider the following cases. 
Case 1. 7Ti(r) ^ {0} and a 2 ^ 1. 

In the following, we take (3 E T to be arbitrary with (3x^0. First by letting 7 = k = 
in (2.10)', we obtain e ,o = 0. Now take 7 G T to be arbitrary such that 71 = 0, 72 7^ 0, 1 
(such 7 must exist, for example, we can take 7 to be a multiple of a). Letting k = 0, 
then in (2.10)', by canceling the common factor f3i, we obtain 

(72 - l)(e/jj - e^ +7j ) + (a 2 + 72 - l)e 7 , = 0. (2.13) 

Substituting /3 by /3+7 and 7 by —7, we obtain (72 + l)(e / g ) j — e / g +7 j) + (o;2— 72 — l)e_ 7i o = 
0. From this and (2.13), we obtain 

(72 + l)(a 2 + 72 - l)e 7 , = (72 - 1)(«2 - 72 - l)e_ 7 , . (2.14) 
Substituting 7 by — (3 + 7 in (2.10)' and letting j = k = 0, we obtain 

(7 2 + a2-2)(e / 3 i o + e_ /3+7i o) = ( 72 - 2)e 7i0 , (2.15) 
(-7 2 + Q!2-2)(e j 9 ) o + e_ / 3_ 7> o) = (-72 - 2)e_ 7>0 . (2.16) 

where (2.16) is obtained from (2.15) by replacing 7 by —7. 
Claim 1. e 7)0 = if a 2 = 2 or 27! + 3a 2 - 5 7^ 0. 

First assume that a 2 = 2. Adding (2.15) to (2.16) and re-denoting — — 7 by (3 gives 
72(e/3, - e^+27) = (72 + 2)e_ 7i0 - (72 - 2)e 7i0 . Multiplying it by (72 - l) 2 and using (2.14) 
(noting that a 2 = 2) to substitute e_ 7j0 , we obtain 

72(72 - l) 2 (ep,o - e p+2l ) = -((72 + 2) ( 72 + l) 2 + (72 - 2)( 7a - l) 2 )e 7 , . (2.17) 

Replacing (3 by (3 + 7 in (2.13) and adding the result to (2.13), we obtain (72 — l)(e / 9j — 
e/3+27,j) = —2(o;2 + 72 — l)e 7 ,o- Comparing this with (2.17), since the determinant 

72(72 -I) 2 (72 + 2)(72 + l) 2 + (72-2)( 72 -l) 2 10 . lWn , 01fi . 
/ ,n , ,\ =-1272(72-1)^0, (2.18) 

(72 -1) 2(a 2 + 72-l) 

we obtain e 7)0 = 0. Now assume that o 2 7^ 2. Setting 7 to be zero in (2.15) gives 
e-/3,o = - e /3,o- Thus (2.15) becomes (72 + a 2 - 2)(e /9j0 - e^o) = (7 2 -2)e 7j0 . Replacing 
7 by -7 and /9 by ^-7 gives (72-a2 + 2)(e y a j0 -e / 3_ 7) o) = -(72 + 2)e_ 7i0 . From these two 
formulas, we obtain (72 — a 2 + 2) (72 — 2)e 7j0 . = — (72 + ol 2 — 2) (72 + 2)e_ 7i0 . Comparing 
this with (2.14), since 



(72 + l)(a 2 + 72 - 1) (72 - l)(a 2 - 72 - 1) 
(7 2 -a 2 + 2)(72 - 2) -(72 + a 2 -2)(7 2 + 2) 



= -2a 2 72(27 2 2 + 3a 2 - 5) ^ 0, 



we obtain e 7i o = 0. This proves Claim 1. 

Claim 1 and (2.13) show that e^i = e j a +7i i under the condition in Claim 1, and from 
this, we can easily deduce that e^i = e / 3 +7i i holds for all 7 with 71 = 0, 72 7^ 0, 1 (and 



thus condition in Claim 1 can be removed). Then by substituting 7 by (3 + 7 in (2.10)', 
we obtain that e 2/ 3 j2 i = ^ e /3,i- Induction on m G IN gives e m fi^ m \ = Tne^\. Let /J'gT with 
7^ 0. In (2.10)', by replacing /3, i, 7, k by m/3, mi, m(3', mk respectively, we obtain 

(Piimft - 1) - #(a 2 + m/^ 2 - l)) e/JJ 

+(A(«2 + m/3 2 - 1) - #(m/3 2 - l))e^ ik (2.19) 
= (A(m^ - 1) - /3i(m/3 2 - 1) W, j+k . 

Computing the coefficient of m implies e^+^/j+k = e^j + tp> ^. Using this in (2.19) 
gives f3[epj = Piep^. Fixing f3' and k shows that e^j = fPi for some f e IF and 
for all (/3,j) € T # x J. Thus as in the proof of Lemma 2.1, i G J, and by setting 
d! = d — faA x a,\\s (note that if J = {0} and a = a 2 , then ad x a,i|s = d 2 is not inner) and 
induction on i, we see that d has the required form. 

Case 2. tt^T) ^ {0} and a 2 = 1. 
Then (2.10)' becomes 

(A (72 - 1) - 7i&)e/3j + (A72 - 7i(& - l))e 7 , k i , 

= (A (72 - 1) - 7i(/?2 - l))e /3+7j+k . 

Setting 7 = 0, we see that e^; does not depend on i if /?i 7^ 0, and then (2.10)" also 
shows that does not depend on i if /?i = 0. Thus i G J. Denote ep = e^\. 

First assume that e 7^ 0. If i 2 7^ 0, taking (3 G T with /3i 7^ 0, we have 

-i 2 Ae a^ +<Tl,i " 1[al = [eo^ 1 ' 1 ,^' ] = [d(l),x A °] 

= d([l,a;^ ])-[l,d(a;^ )] (2.20) 
= (A - 9i)rf(^°) = (mod^ 1 " 1 ^ ), 

a contradiction. Thus i 2 = 0. Let d' = ad ^,1+1^1 |g. Note that cf is either an inner 

derivation if J x ^ {0} or else d! = d x (cf. (2.12)), and d'(B^) C Thus by replacing 

dbj d — fd' for some / G IF, we can suppose eo = 0. Now exactly as in Case 1, we have 
ep = f(3i for some / G IF and by setting d! — d — fd" and induction on i, we see that d 
has the required form, where d" = ad ^.i+ip] \b is either inner or equal to d±. 

Case 3. vr^r) = {0}. 

Then by (1.1), J x ^ {0}. By (2.8), we have 

[x Aj ,x 7 ' k ] = (ji(7 2 - 1) - k x {(3 2 - l))^^^- 1 ™ (modB^- 1 ! 1 ])), (2.21) 

for (7,k) G T # x J. Applying d to (2.21), we get 

((«i+ ji)(72-l) - h(a 2 + (3 2 -l))e P j 

+ (ji(« 2 + 72-1) - (h + fci)(/3 2 -l))e 7 , k (2.22) 
= (ji(l2 - 1) - hifo - l))e^ +7j+k _i 



Letting 7 = 0, k = gives 

-(h+ji)epj + (ji(a 2 - 1) - ii(#2 - l))e ,o = -jie^-i [ir (2.23) 

Assume first that %\ 7^ 0. Since B is generated by {ar J | ji < 2}, we must have %\ > —2. 
Assume that i x = -2. Then by (2.7), e^j = if ji < I. In (2.22), let 7 = 0, k = 1^, 
we get a 2 = 2. Let j = 1^, k x = 2 in (2.22), we get (72 + l)e 7jk = (72 - 2ft + l^+^k- 
Using this in (2.22), we can easily deduce e^k = if k-i < 2. Thus we obtain d — 0. 
Assume that i\ > 0. By setting j 1 = 0, 1, 2, ... in (2.23), we obtain that 

e/jj = -((ii + l)(ft - 1) - ji(a 2 - 1))^ + l)-^, (2.24) 

for (/3, j) 6 T* x J. Thus (2.24) shows that e 0)0 ^ by (2.6). Then setting j = 0, by 
(2.7), we see i G J. Thus we can take u = — (ii + l)~ 1 e ,o^ a,1+1[l1 and let d! = d — ad M 
and use induction on i. If %\ = —1, then as above, we obtain e^o = and (2.22), (2.23) 
give e^j = jif for some f E JF and so d = /ad x a,o. Finally assume that i\ = 0. Letting 
7 = 0, k = l[i] in (2.22) gives e^j = ((ft — 1) — ji(a 2 — l))«2 _1 e ,i [1] . Thus the arguments 
after (2.24) can be used to complete the proof. □ 

Now we shall describe homogeneous derivations of degree 0. Denote by Hom^(r, IF) 
the set of additive group homomorphisms from T to JF. For any /i G Hom^(r,iF), we 
can define a homogeneous derivation d^ of degree by: 

= ^((3)x^ for (ft j) £ T* x J. (2.25) 

In this way, we regard Hom^(r, iP) as a subspace of Der B. If J2 7^ {0}, one can verify 
that dt 2 : x^ ,s 1— > ^a^" 1 ' 2 ' is a derivation. If J2 = {0}, we set <9i 2 = 0. 
Lemma 2.3. Lei rf ^ fe a derivation satisfying (2.5) with a — 0. T/ien d = ad„ + 
°V + /^t 2 for some u E Bo, G Hom%(Y, IF), f E JF. 
Proof. We consider two cases. 
Case 1. 7Ti(r) 7^ {0}. 

In (2.10), since a = 0, all coefficients are the same, thus we obtain 

e/3+7j+k = e/3J + e 7 , k if A (72 - 1) - 71 (& - 1) + 0. (2.26) 

Take ft 7^ 0. By (2.26), e m/3+n/3 j +k = e m/3J + e n/3jk if m ^ n. From this we get 

e mf 3,mi = mepj for m E JN if ft 7^ 0. (2.27) 

From this and (2.26), one obtains that (2.26) holds for all ft 7. 

First assume that %\ 7^ 0. Then Ji 7^ {0}. Let m be the leading degree of d(l), that 
is, d(l) can be written as cox 0,m + a linear combination of x°' k with k < m, where Co 7^ 0, 
i.e., d(l) E Bq 1 ^^^. If m > i — l^j, then by (2.8), we see that the leading degree of 
[d(l),x^°] is m if we take (3 with ft 7^ 0, but d([l, x?' ]) - [1, d(x^ )] = (ft -d{)d(xM) E 
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jB' 1-1 ! 1 )], a contradiction. Thus m < i— l[i] and we can suppose d(l) — cix Q,i ~ 1 ^ G B^ 1 ' 1 ^ 
for some C\ G IF. Now applying d to [l,^'-"] = fax 13 '* + jix 13 ^' 1 ^ and computing the 
coefficient of x /3 ' 1+ j~ 1 [ 1 ], we obtain c\fi\ + (ii + .71)6^ = jie^-i^. Setting j 1 = 0, 1,2, ... 

gives e^j = —i{ x c\fl\. Thus again i G J. Then taking w = — ijf 1 cix ' 1 and letting 
d' = d — ad u and by induction on i, we obtain the result. 

Now assume that %\ = 0. Then using the arguments for i\ 7^ gives e ,o = (note 
that e ,o = the leading degree of is < i). We claim that e^j does not depend 
on ji. For this, assume that J x 7^ {0}. For any 7 G T# with 7x = 0, we apply to 
[l,x 7 ' k ] = kix 1 '^' 1 ^ and calculate the coefficient of x 7,1+k_1 w. Noting that the leading 
term of [x°'->, x 7 ' k ] is < j + k — l^j and that the leading term of d(l) is < i, we see that 
[d(l), x 7 ' k ] G iB^ 1+k-1 [ 1 ^. Thus we obtain &ie 7i k = &ie 7i k-i [ir So e 7) k does not depend on 
k\. In particular, eo,k = if k 2 = 0. Using this in (2.26) also gives that e^j does not 
depend on j 1 for all f3 G T # . If J 2 = {0}, then i = and tp = e^j does not depend on j, 
thus by (2.26), the map \i : (3 1— > defines an element \i G Hom^(r, IF); let d' = d — d^, 
then using induction on i we see that d', and so, d has the required form. Assume that 
J 2 ^ {0}. By (2.26), we obtain 

e m/3 j = me A0 + J 2 e ,i [2] for m G ^, j) G T # x J. (2.28) 
Let /3i 7^ 0. Suppose 

d(a^J) = e Pii x p ' i+s + Yl e ti x ^ m - ( 2 - 29 ) 

m<i+j 

Then applying d to [x 13 ' , x^' 1 ' 2 )] = fiix 213 ' and calculating the coefficient of x 2/3 '', and 
noting that [x^ , x^M ] = (A;-j 2 )/3iX 2/3 ' j+(fe_1)[21 (mod i3 (j+(fe " 1) pi )), we obtain {l-i 2 )e Pfi + 
(h + l)e/3,i [2] = e 2 p,o- Using (2.28), this gives e ,i [2] = if i 2 7^ -1. 

If i 2 = —1, then (2.7) shows that e^o = for all (3 G T, so (2.28) means that 
o?(x /3 ' 1 i 2 ') = eo,i [2] a; /3 ' , and one can prove by induction on j that di^x 13,3 ) = j2^o,i [2] x l3 '' i ~ 1[2] ; 
this proves that d = eo,i [2] <9t 2 . Assume that i 2 7^ —1. Then eo,i [2] = and (2.28) shows 
that e^j, denoted now by e^, does not depend on j. Thus as before, i 2 > 0. If i 2 = 0, 
then by replacing dbj d — d^ for some /i G Hom^T, IF), we see that d has the required 
form as before. Thus suppose i 2 > 0. Suppose the coefficient of x&( l2-1 )[2] in c^x' 3 ' ) is 
4. Applying d to [x^x 7,0 ] = (ft (72 - 1) - 71 (/3 2 - l))x /3+7 >°, and noting that 

[x Aj ,x 7 '°] = ( / 9i(72-l)-7i(/3 2 -l))x /3+7 'j- 7l j 2 x /3+7 ' j - 1 [ 2 ] (mod^ 1 ^), (2.30) 
by calculating the coefficient of x /3+7,< * 2 ~ 1 - ) [ 2 ] , we obtain 

+ (A (72 - 1) - 7l(#2 - 1))4 

+^ie 7 + (A ( 72 - 1) - 7i(/3 2 - l))e 7 = (A(72-l)-7i(A-l))e^ +7 . 



(2.31) 



That is 

i 2 (Ae 7 - 7ie/J ) + (ft ( 72 - 1) - 7i(/3 2 - l))(ej + e 7 - e^) = 0. (2.32) 



Let Pi 7^ 0. Taking 7 = m/3, by (2.27), we can deduce e' m/3 = mej,, m G 7Z. Replacing (3 
by P + 7 and 7 by —7 in (2.32) gives 

^ 2 (-(/9i+7i)e 7 + 7i(e / 3 + e 7 )) 

+ 7i)(-72 - 1) + 7i (02 + 72 - l))(e^ +7 - e; - 4) = 0. 

Adding (2.33) to (2.32) gives (2p^ 2 -(2/3 2 - 3)71) (e^ +7 - e 7 - e^) = 0. From this and the 
fact that e' m/3 = mejj, we deduce that P 1— > is an additive function. Using this, (2.32) 
now gives that = fPi for some f E IF. Now applying induction to d' — d— /ad o,(i 2 ) [2] 
gives the result. This proves Case 1. 
Case £ 7Ti(r) = {0} (thus J l ^ {0}). 
Then we have (2.21), and (2.22) becomes 

((n+Ji)(72-l)-A; 1 (0 2 -l))e Aj + (j 1 (7 2 -l)-(^i + A; 1 )(/3 2 -l)) e7 , k 

= (71(72 - 1) - fci(/?2 - l))e / j +7j+k _i [1] . 
Letting 7 = k = gives -(in + ji)e P:i - (ji+ii(P 2 ~ l))e ,o = -Jie /3J _ 1[1] . If i x < 0, the 
arguments are similar to those given after (2.23). If i\ > 0, by setting j 1 = 0, 1, 2, we 
obtain that e^j = —((ii + l)(/?2 — 1) + Ji) (*i + l) _1 e ,o for (P, j) G T# x J, which shows 
that e ,o 7^ by (2.6), and then setting j = 0, by (2.7), we see i G J; thus we can take 
u — + l)^ 1 eo,o^ 0,1+1[1] and let 61 = d — ad u and use induction on i. Assume that 
i 1 = 0. Then setting 7 = k = in (2.34) gives 

e/jj = e/3,i m +(j a ) m - {ji - l)e ,o = ep,(j 2 ) m ~ Ji e o,o- (2.35) 
Using this in (2.34) with %\ = 0, we obtain 

e /3,i[i]+j [2 , + e 7 ,i [1]+ fe [2] = e / 3+ 7 ,i[i]+(j+*)[2i for J> fc G W - ( 2 - 36 ) 

If J 2 = {0}, then i = 0, and the map /x : /3 1 — > ep^.^ defines an element \x G Hom^(r, IF) 
by (2.36); replacing 6 by 6 — 6^, where // = n — 60,0^2 G Hom^(r,iF) (recall that 
7r 2 is the projection a 1— > cn 2 ), we can suppose e^i^ = /9 2 e ,o; then (2.35) gives e^j = 
(P2 — 1 + ii)eo,o and thus by letting 61 = 6 — e^oad i m and by induction on i we see that 
6', and so, 6 has the required form. Assume that J 2 7^ {0}. By (2.35), (2.36), we obtain 
e m/ 3j = e m/ 3,i[i]+(j'2)[2] - (ji - l)e , = e^,^, + e ,i [1]+ (j 2 ) [2] - (ji - l)e ,o g 
= me^ip, + j 2 e ,i - (ji - l)e ,o for m G IV, (0, j) G T # x J, 
where 1 = (1, 1). Write d(x^) as in (2.29). We shall apply 6 to [aM 1 !, a;' 3,1 ] = x 2 ^' 1 ™ 
and calculate the coefficient of x 2/3 ' 1+1 [ 1 i . First note that 

We see that if x 2/3 ' 1+1 w appears in the term [e*^ x 13 '™- ^P' 1 }, which is a term in [d(x /3 ' 1 M),:r /3 ' 1 ], 
then by (2.38), either m + 1 — l[i] = i + l[i], or m + 1 — 1 = i + In the first case, 



mi = 1 and the coefficient is zero (cf. the first term of the right-hand side of (2.38)). In 
latter case, m = i + l^j and the coefficient is (1 — i 2 )ep tl[l] (cf. the second term of the 

right-hand side of (2.38)). Similarly, the coefficient of x 2l3 ' 1+1 w appears in [x^' 1 ^, d(x^' 1 )] 
is (1 + i 2 )e^. Thus we obtain that (1 - i 2 )e p ^ {1] + (1 + i 2 )ep^ = e 2/ 3,i [ir Using (2.37), 
this gives e ,i = if i 2 ^ — 1. 

If i 2 = —1, (2.7) shows that e^o = for all f3 G T, and so (2.37) means that 
e /3,j — j2^o,i] then one can prove by induction on j that d = e 0;1 d t2 . Assume that 
i 2 7^ —1. Then e 01 = and (2.37) gives e^j = — (ji — l)eo,o- As before, i 2 must 

be > 0. If i 2 = 0, then as the arguments after (2.36) by replacing by d — — /ad^i^ 
for some /j, G Hom^(r, IF), f G IF, we see that d has the required form as before. Thus 
suppose i 2 > 0. Suppose the coefficient of 2A?[i]+( l2_1 )[2] in d(x /3 ' j ^) is e^-. Noting that 

[x^,x^ k m\ = {j x { l2 - 1) - k{(3 2 - i)) x /3+7J+(fc-i)[i] _ fcj - 2a ./3+ 7 j+(fc-i) [1] -i [ 2, j 

by applying d to [aM 1 !, x 7 ' fc w] = (j(72 - 1) - fc(#2 - l))^ 7 '^'^ -1 ^ 1 !, and computing 
the coefficient of aj /3+7 ' (j+fc - 1) w +(i2 - 1) [ 2 ], we obtain 

-i 2 kep M + (j(72 - 1) - k(fo - l))e' Ptj + i 2 je ltk[1] + (j( 72 - 1) - fc(#2 - l))e' ;fe 
= (j(72 - 1) - k(fo - l))e^ +7j+fe _ 1 . 

That is 

Taking 7 = 0, k = 1 gives i 2 0'eo,i (1] - e W(1] ) + (-j - (/3 2 - l))e' 0jl = for all j G IV. 
By computing the coefficients of j and j°, using e^i^ = (by setting f3 = 0, j = l[i] in 
(2.35)) and epj m = ep fi -je ,o, we obtain that i 2 e ,o-e' 01 = 0, -i 2 ep fi - ((3 2 - l)e' 01 = 0. 
Thus we have e^o — — (#2 — l) e o,o an d finally we obtain that e^j = — {(5 2 — 1 + ji)e 0j o 
by (2.35), (2.37) and that eo,i = 0. Thus if we let u = — eo,o^°' 1[1]+1 and set d' = d — a.d u , 
we obtain the result by induction on i. This completes the proof of the lemma. □ 
Note that if 7Ti(r) 7^ {0} and J 1 = {0}, then adi = d wi G Hom^(r,iF). In this 
case, we choose a subspace Hom^(r, IF) of Hom^(r, IF) such that Hom^(r,iF) = 
IFadi © Hom^(r, IF) as vector spaces. Otherwise we set Hom^(r, IF) = Hom^(r, IF). 

Lemma 2.4. Every homogeneous derivation d G (DerB) a satisfies condition (2.5). 

Proof. Let T' be a maximal iF-linearly independent subset of T (which has at most two 
elements). Let T[ = T' U ({a, o~\, <r 2 } fl T). Let L C T be the subgroup of T generated by 
r^. Let B' be the Lie subalgebra of B generated by M = {x^ | f3 G r[, j G J, |j| < 4}. 
Then it is straightforward to check that B' = B(T' , J), and d' = d\ B / is a homogeneous 
derivation of B' of degree a. Since M is a finite set and a derivation is determined by its 
action on generators, we see that the derivation d! of B' satisfies the condition in (2.5). 

By Lemmas 2.1-3, there exist v! G B' a and // G Hom^(r', IF), f[,..., f' A G IF such 
that 

<*' = d ul ,^, rM , fi = ad u , + dp. + f[d, + f'~d x + f' z d 2 + (2.40) 

in 



where (//, /Q = if a 7^ and f[ = f 2 = if a ^ <j\ and / 3 = if a 7^ a 2 . One can imme- 
diately verify that for u E B,fi E Hom^(r, f 1: f 2 , f 3 , f 4 E IF, d u ^ Jlj2jsj4 \ B( r 1: j) = 
if and only if (u, /i\r 1 , fi, fi, f3, }a) = 0, where r x is any subgroup of Y contain- 
ing r. Hence for any u E B a , fi E Hom^(r,iF), d u ^ h j 2 j z j A \ B ^ ltJ) = implies 
(u, fi\rx, fi, f2, fs, fi) = 0. Let r 2 be the maximal subgroup of T such that there exists 
u" E B(T 2 ,F),fi" E Rom^(T 2 ,F), fi,f2,fg,fl E F and d\ B{T2>J) = ^.^^j* 
with fjf'\i" = fi'. 

Suppose T 2 7^ T. Take (3 E T\T 2 . Let T 3 be the subgroup of T generated by V and 
(3. Then T 3 is finitely generated. Thus there exist w 3 ,/i 3 , /i (3) ,/ 2 (3) ,/3 (3 \ /| 3) such that 
d\ B {v 3 ,j) = d U3 ^ 3 j(V j(V ■ Then we have 

rf U3 ^',M3-M',/ 1 (3) -/{,/f ) -/^/| 3) -/^/I 3) -/i |B ( r '' J ) = d ^ r '^ ~ d ^ r '^ = °- (2 ' 41) 

Thus u 3 = u',// 3) = fl,i = 1,2,3,4 and /i 3 | r ' = A*'jr'- Similarly, //|r 2 nr 3 = Ai3|r 2 nr 3 - 
Let T 4 be the subgroup of T generated by T 2 and f3. Define \i E Hom^(r 4 , .F) as 
follows. For any 7 E T 4 , we can write 7 = r + n/3 with n E 71 and r G T 2 . Define 
^4(7) = /i"( r ) + nfi 3 ((3). Suppose r + n(3 = for some n G Then r = — n(3 E 
Y 2 fl T 3 . Since //"|r 2 nr 3 = /^3|r 2 nr 3! we have /i"(r) = /U 3 (r) = (j, 3 (—n(3). But obviously, 
li 3 (—n[3) = —nii 3 (l3). Hence + n/i 3 (l3) = 0. This shows that /x 4 G Hom^-(r 4 ,iF) 

is uniquely defined. So d|s(r 4 ,j) = ^-u' ,mj[,f 2 ,f' ,f A an d L4 D r 2 , T4 7^ r 2 . This contradicts 
the maximality of T 2 . Therefore, T 2 = T and d = d 

V," pJ 1 f" f'2 f% 

satisfies the condition 

in (2.5). □ 

Lemma 2.5. Let d be any derivation of B. Write d = J2aerd a with d a E (DerB) a . 
Then d a = for all but a finite a E T. 

Proof. By Lemmas 2.1-4, for any a E r\{0, a±, o~ 2 }, if d a 7^ 0, there exists u a E B a with 
the leading degree, say, i a such that d a = a,d Ua . Fix v = E B with i3\ 7^ or j\ 7^ 0. 
Then d{y) is contained in a sum of finite number of B a . Thus = for all but a 

finite number of a. But by (2.8), we see that 7^ for all but a finite number of 

a. Thus {a | d a 7^ 0} is finite. □ 

Theorem 2.6. (1) DerB = Q)aer(DerB) a , where each (DerB) a consists of derivations 
of the form (2.40). (2) The set (DerB)f of locally finite elements of DerB is 

( Fad, + Hom^(T, F) + Fd t2 , or 

{ span w {ad xa ,\ \ i\ = or (a, i) = (0, l[i])} + Hom^iT, F) + Fdi + Fd t , 2 , 
if ii i(T) 7^ {0} or 7T 1 (T) = {0} respectively. 

Proof. (1) follows from Lemma 2.5, and clearly elements in (2.42) are locally finite. 
Case (%): 7r(r) 7^ {0}. Suppose d = I]aer d a is locally finite, where r is a finite subset 
of T such that all d a 7^ 0, a E T . Choose a total ordering compatible with the group 
structure on T. Let (3 be the maximal element of r . If (3 7^ by reversing the ordering 
if necessary, we can suppose (3 > 0, and also by (2.40), we can suppose dp = ad u Jg for 
some u a . If fli 7^ 0, then dp = &d Ua is inner, let i be the leading degree of u a and say 
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the coefficient of the leading term is 1, then we have 



d*( a ^'°) = ad^.,( a ^' ) = ifc! ) 9ix^ 2 ^ fc M0(niod £ Bo+Bf&Q/j). (2.43) 

a<(fc+2)/3 

which shows that d is not locally finite. Suppose f3\ = 0. Choose 7 G T with 71 7^ 0, 
then 

dV°) = ad^.,(x^°) = (-(A - l) 7 i) ^ (mod £ «« + S$ly)> 

a<fc/3+7 

which again shows that d is not locally finite if $2 7^ 0. If 02 — 1, then i 7^ (since 
= from the statement before (1.8)), say 22 > 0, then 

dV ,0 )=ad* w (* 7,0 ) 

= (-i2li) k x k ^-^ # (mod E Q<(fe+2 ), ^ + 4?r 7 ll2,)) )- 
Thus suppose T = {0}. If d is not in (2.42), write d — d' + d", where d' is in (2.42) 
and d" = ad Uo is inner with the leading degree of uq being i > 0. Say again, i 2 > 0, 
then (2.44) again shows that d is not locally finite. This proves the theorem in this case. 
Case (%%): 7Ti(r) = {0}. We give a filtration on B : £>[ ] C B[±] C ... by defining 

B [m] = spanjrr ' 1 I (a, i) G T* x J with i x < m} for me IN. (2.46) 

Suppose d is a derivation not in (2.42). Write d — d' + d" with d' in (2.42) and d" = ad u 
for some u E B. Let m be the smallest number such that u G B[ m ]. Write u = u\ + U2 
such that ui is in the space spanjx"' 1 | i\ = m} and U2 G £?[ m _i]. Them m > 1 or m = 1 

but Mi ^ iPx ' 1 ! 1 !. Using arguments as before for u\ we can deduce that d is not locally 
finite. □ 

3. PROOF OF THEOREM 1.2 

Now we are ready to prove Theorem 1.2. 
Proof of Theorem 1.2. As for the second statement, observe that Ai\, M.± correspond 
to the isomorphism classes of B(T, J) with J = {0}, JV x {0}, {0} x IV, IN 2 respectively. 
So, we shall prove the first statement below. We shall ALWAYS use the same notations 
with a prime to denote elements associated with B' . 

u <=": For convenience, we denote ti = x ' 1 w,t 2 = x ' 1 ' 2 ), and x a = x a '°. De- 
fine another algebra structure on (A2,(D) ( n °t necessarily associative) by: u v — 
d 1 (u)(d 2 (v) — v). Then we have 

' x^+J-Vx*! + ii)((/3a " 1)*2 + J2) if i + j — 1 G J, 
^, ^ = a lX ^~^ m - l)t 2 + 32) if <! + ji = 0, i2 + 32 > 0, 

I (ft - l^+Ai+j-iw ( aiil + ^) if + ^ > 0, % 2 + 32 = 0, 

k ai (p 2 - l)x a+ ^+> if ix + 3l = 0,t 2 + 32 = 0, 
Then the Lie bracket [•, •] is given by [u, v] = uQv — vQu. Obviously, using <p : (/?!, /3 2 ) 
(aPi,p 2 + b@i), we see that <7j G T if and only if cr, G V and 0(o"j) = cr, if it is in T for 
i = 1,2. 



19 



Suppose 6 = 0. We shall verify that tp : h- > a^x' 13 ' (at' 1 ) ll (t' 2 ) %2 ■, is an isomorphism 
(•4.2,©) = (A' 2 ,Q), where we use the notation (3' = <p{(3). Say, we have the most 
complicated case, i + j — 1 G J. Using (3.1), we have 

^ x a,i 0a: ^J) = a -V«'+^( a t' 1 )ii+Ji-i(^)i2+j2-i( aiat / +i 1 )((p 2 - iy 2 +j 2 ), 
i)(x a ^) ^p(x^) =a"V a ' + ^\at' 1 ) il+ ^- 1 (^)^ 2 - 1 (a' 1 at , 1 + ai 1 )((^-l)4+j 2 ), 

where in the second equation, a must appears before %\ because it is arisen from d[ ((at^) 11 ). 
It is immediately to check that (c^at^ + i\)((f3 2 — l)t' 2 + j 2 ) = a~ 1 (a' l at' l + aii)((f3' 2 — 
1)4 + J2), since a[ = aai, (3' 2 = (3 2 - Thus tp is an isomorphism (A2, 0) = (»4 2 , ©), which 
induces an isomorphism of B = B' . 

Suppose 6^0. We define ip(x p ' 3 ) = a^x' 13 ' (at[ + bt' 2 ) jl (t' 2 ) j2 . We claim that it is an 
isomorphism B = B' (but not necessarily an isomorphism from (A, ©) to (A', ©)), i.e., 
we want to prove 

[ipix"' 1 ), %P{x^)\ = ^{[x a '\ x™]). (3.2) 
Again say, i + j — 1 G J. First we calculate ^(x"' 1 x^), which is the term 

a-^'^+^Cati + W'a)* 1 ^' 1 - 2 ^)"^' 2 - 1 , (3.3) 

where if ii +ji — 2 < the corresponding factor does not appear, multiplied by the term 

« + ^)(ai(o*i + 64) + - 1)4 + j 2 ). (3.4) 

Similarly, -^(a^*' 1 ) Qip(xPj) is (3-3) multiplied by 

cTViK + 64) + aii)(((# - 1)4 + j 2 )« + 64) + Ji6t' 2 ), (3.5) 

where the factor (0^(04 + bt' 2 ) + aii) is arisen from d[ (x' a ' (at[ + bt' 2 ) %1 ) and the last 
factor is arisen from (d' 2 - l)(x^'(a4 + &4) J1 (4) J ' 2 )- Th us (3.2) is equivalent to 

(a4+64)((o; 1 (a4+64)+i 1 )((/3 2 -l)4+j 2 )-(/3 1 (a4+64)+^)((a 2 -l)4+i 2 )) 
= a- 1 ((ai« + bt> 2 ) + aii)((($ - 1)4 + j 2 )« + bt' 2 ) + 3l bt' 2 ) 
-(#« + 64) + aj!)(((a 2 - 1)4 + i 2 )(a*i + 64) + H&4)), 

which is straightforward to verify. 

«_^.". ^he isomorphism induces an isomorphism ip : Der B — > Der £>', which maps 
locally nilpotent, semi-simple, locally finite elements to locally nilpotent, semi-simple, 
locally finite elements respectively. We consider in two cases. 

Case 1. 7Ti(r) ^ {0}. 

By Theorem 2.6, B has no ad- locally nilpotent element, and IF I are the only ad- 
locally finite elements of B, thus B' has no ad-locally nilpotent element, and Fip(l) are 
the only ad-locally finite elements of B' . Hence ^(T') 7^ {0} and ip(l) G 1F1'. Note that 
IF1 is the set of ad-semi-simple elements of B if and only if J\ = {0}. Thus J\ = J[. 
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Define d h = adi - m : x a ' 1 ^ ^x ' 1 '^ if J x ^ {0} and d tl = if Ji = {0}. Then by 
(2.42), we see that iF<9 tl + JFd t2 is the set of locally nilpotent element of Der£>, since the 
dimension of JFd tl + Fd t , 2 is the number of p — 1,2 with J p ^ {0}, thus J 2 = J 2 . This 
proves that J = J'. We may assume that J ^ {0} since the result follows from Refs. (1) 
and (2) if J = {0}. Thus T# = T (cf. statements before (1.8)). 

Since the nonzero vectors in U a£ rB a are the only common eigenvectors for the deriva- 
tions in Hom^(r,iF), which is the set of semi-simple derivations of Der B (cf. (2.42)). 
It follows that there exists a bijection : T — > V such that ip(B a ) = B'^f a \ for a G T, 
and 0(0) = 0. Thus also ^((Der B) a ) = (Der B% (a) for a G T (cf. (2.4)). Since ^ 
[(DerB) a , (DerB)^] C (Der B) a+ p for all a, /3 G T, we obtain that 0(a+/3) = 0(a) +<f>(/3), 
i.e., is a group isomorphism. Let a G r\{o"i} be such that a' = 0(a) G r'\{o"i}. Then 
since Fx afi = {u G B a \ (IFdi + Fd 2 ){u) = 0}, we obtain that ip(x a > ) = a a x' a '>° for 
some a a G iF\{0}. Applying -0 to [x a '°, x 13 ' } = («i(/3 2 — 1) — f3i(a 2 — l))x a+l3 '°, we obtain 

a a a /3 (a' 1 (/3 2 - 1) - /^(a 2 - 1)) = a p+a (ai(j3 2 - 1) - /?i(a 2 - 1)), (3.6) 

for a, /3, a + /3, a', /?', a' + f3' ^ o\ . Take (3 = 0, this gives 

a' : = aa\ for all a G T, where a = <2q 1 . (3.7) 

Assume that o\ G T. If Ji = {0} or J 2 = {0}, then d\ or is an outer derivation in 
(Der£>) CT1 and (Der£>) a = a,d Ba for all a G T\{0, ai}, thus o\ must be in r" and 0(<7i) = <7i. 
If Ji 7^ {0} 7^ J 2 , then o\ is the only a such that {it G B a \ (JFd tl + JFd t2 ){u) = 0} has 
dimension 2 (spanned by x CTl ' 1 W,p = 1,2). We must have o"i G V and 0(o"i) = <7i. 
This proves that o\ G T <7i = 0(<7i) G T'. Suppose <x 2 G V but 7 = _1 ((X 2 ) 7^ <7 2 . 
By (3.7), 71 = 0, and so 7 2 7^ 2 since 7 7^ a 2 (cf. (1.6)). Take a G T\{0} with 
ai 7^ 0, then by applying ip to [x a, °, x' y ~ a ' ] = 0:1(72 — 2)rr 7,0 7^ 0, we obtain that 
[x a ''°, x°~ 2 ~ a '' ] 7^ 0, but by (2.8) it is zero, a contradiction. Thus 0(<r 2 ) = a 2 . This 
proves that a 2 G Y a 2 = 0(<x 2 ) G T'. In (3.6), let (3 = ma,m > 2, a\ 7^ 0, then we 
obtain a a( m+ i) Q = a a a ma , from this we obtain 

a™~ x a ma = a™ for meZ. (3.8) 

We define a CT1 = a^aZ^ if a"i G T and a CT2 = a^GC^ if o" 2 G T. Using (3.8), we can 
prove that (3.6) holds for all a, (3 G T. For example, if a = ai, then (3.6) holds trivially. 
Suppose a, /5 7^ o"i and a + (3 = a±, then /?i = — a±, (3 2 = — a 2 + 1 and (3.6) is equivalent 
to a a a/3 = a a CT1 which is equivalent to a^aZ^aZ^ = aoa^aZ^ which indeed holds by 
setting a, (3 to be —a, —(3 in (3.6). Now as proved in Ref. (2), or as an exercise by using 
(3.7) to prove it, we have a a ap = aoa a+l 3 for a, (3 G T. Fix any a G T with a± 7^ and 
set 6 = a 2 af 1 (a 2 a 2 " 1 — 1), then this, together with (3.6), (3.7), shows that f3' 2 = (3 2 + bf3i. 
This proves that : (/?i,/5 2 ) 1— > {a(3\,(3 2 + 6/3i) has the required form. 

Suppose Ji 7^ {0} = J 2 . Then we have t(i(i Q,1 w) = fe^x' '' 1 ' 1 ) + c a x' a ''° for some 
6 a , c a <E IF and all a G r\{cri}. This follows from that Fx a,1 w + lFx a '° is the subspace 
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{u G B a \ dj l (u) = 0}, and that JFd tl are the only locally nilpotent derivations of B. 

Applying ip to [aMn, x 13 ' } = (a^fo - 1) - /?i(« 2 - l))x a+ ^w + (fa - l) x a+l3 '°, we 
obtain 

baapia'M - 1) - #K - 1)) = & a+/3 (ai(/3 2 - 1) - A(«2 - 1)) (3.9) 

b a ap{f3' 2 - 1) + c^K^ - 1) - P[(a' 2 - 1)) 

= a a+/3 (/3 2 - 1) + c a+ p( ai ({3 2 - 1) - A(a 2 - 1)), (3.10) 

for all a, (3, a + (5 G r\{<7i}. Let a = in (3.9) and let j3 — a in (3.10), we obtain 

boapfi'-L = bpfr, b a a a (a' 2 - 1) = a 2a (a 2 - 1). (3.11) 

Thus we have b = 1 by letting a = in the last equation of (3.11) and hence by 
the first of (3.11), b a = a / 1 o; 1 " 1 a Q = ag 1 a Q by (3.7) and b a a a = a^a^ = a 2a by (3.8). 
Thus the last equation of (3.11) gives a 2 = a 2 for all a G T. Thus 6 = because 
(p ~. ot i — (y! — (acti, a 2 + bai). This proves the theorem in this case. 

Case 2. 7Ti(r) = {0}. 

By Case 1, vr^r) = {0}. So J l = J[ = IN. Using notation (2.46), by (2.42), the set 
of ad-locally nilpotent elements of B is £>[ ], thus ip(B[o]) = B'^y Note that the common 
eigenvectors for the derivations in (2.42) are the nonzero elements of the set 



|J Fx a '°, if a x i r, 



(3-12) 



(J iFa^lJspanK 1 ' 1 1 |i| < 1}, if a x G T. (313) 
«er\{ai} 

First assume that o\ G T but 0"i ^ T'. Then we must have J 2 = {0}, otherwise if 
J 2 = IN, we would have that spanjx " 1 ' 1 1 |i| < 1} in (3.13) were two dimensional but 
all lFx' a '° in B' corresponding to (3.12) are one dimensional; this is a contradiction. 
Furthermore we have J 2 ^ {0}, otherwise if J 2 = {0}, then d[ = d' t2 = and by (2.42), 
the set (Der B'){ of locally finite elements of B' would be spanned by inner locally finite 
derivations and semi-simple derivations, but this is not true for (Der £>)f , again we get 
a contradiction. Now we have an outer locally nilpotent derivation di of B which kills 
the set B[ ] (since by (2.12), rfi(x /3 ' j ) = — jix 13 '^ 1 ^ in this case), but we do not have an 
outer locally nilpotent derivation of B' which kills BL (since J 2 ^ {0}, d' t2 does not kill 
£>' ]), again a contradiction. This proves that di 6 T ^ ^ 6 V. 

Thus by (3.12) or (3.13), there exists a bijection : a — > a' from r — > V such that 

i/j(x a '°) = a a x' a ''° for some a a G F\{0} and a G r\{<7i}. (3.14) 

If J 2 = {0} ^ J^, then B [0] is spanned by (3.12) or (3.13), but B[ 0] which contains x'°' 2 w, 
is not spanned by the corresponding set of (3.12) or (3.13) in £>'. Thus we obtain that 
J 2 = {0} <=> J' 2 = {0}. This proves that J = J'. 

Applying the action of (2.42) to (3.12) or (3.13), if we denote by N a the elements 
of (2.42) which kill x a if a ^ a\, or which kill {x' 71 ' 1 | |i| < 1} if a — G\, then N a has 
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codimension 1 in (2.42), mainly x ' 1 ! 1 ' ^ N a , if a — 0; or has codimension at least 2, 
mainly x ' 1 ™ ^ jV a and d M ^ N a for all /x satisfying /j(a) 7^ 0, if ct 7^ 0. Thus we 
can suppose = b V for some b £ F\{0}. Observe from (2.42) that all ad-semi- 
simple elements must take the form a x°' l w + J2( a ,i)eG c a,i xa '\ where ao 7^ and Go 
is a finite subset of T x J such that i\ — if (a, i) G T or |i| < 1 if a = <7i. Thus, 
we can suppose ^(x ' 1 ^) = a^x' ' 1 ^ + S(a',i)eG£, Ca'.i^'"'' 1 - Applying ip to [ljX ' 1 ! 1 '] = 1 
we obtain [b V, a^x' ' 1 ^ + J2( a ',i)eG' Ca'.i^'"'' 1 ] = ^ol'j thus a' = 1. Finally applying ip to 
[ x o,i[i] ? x /3,0] = _ 1)^,0 using (3^4^ we obtain [x' ' 1 w+Y,( a ',i)eG' Ca',ix' a ''\a f3 x' f3 '' ] = 

{f3 2 - l)a /3 x //3 ''°. This shows that (/3 2 - 1) = /3 2 - 1, i.e., /3 2 = fa, and so, r = V and 
is the identity isomorphism. This completes the proof of the theorem. □ 
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